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ABSTRACT 

This study- is one of several 'conducted by the authors 
in their investigation of the use of "higher order rrules" in the 
solution of problems. The focus of the current experiment was 

-^-(Jltermina^ion of the compatibility of identified rules with the 
knowledge 'of average teenagers, and of the extent to whi^h 
instruction in higher order rules facilitate performance on geometric 
construction problems. Higher otder rules were presented as flow 
char^^^de^tirtTrgrToui^ paths. Thirteen construction problems, each 
solvable' by using these rules, were defined, Coincidentally, these 
\ pxobTems involved 13 lower order rules. Thirty college students, 

. enrolled 'in a geometry course, served as subjects. Two pretests, 
three' pdst{tests, and seven in^structibnal sessions were used in a 
repeated measures design; the sequences in which higher order rules 
were studied defined the treatments. Overall, findings indicated that 

^ instruction on higher order rules was effective and was relatively 

1^ ^efficient Sequential effects were also discovered. (SD) 
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The viability df systematic analyses of real problem domains in terms of rul^ 
higher order rules has been demonstrated by Scandura, Durnin, and Wulfeck (19/4) 
^and Durnin and Scandura (1973). The practical importance of sucbf analyses in suph 
areas as artificial intelligence anci education, however, is still an open^ question. 
Although an attempt- was made to insure in those 'analyses that the rules identified 
reflect human knowledge, it was not demonstrated there that they do. Rigorous- tests 
of this thesis' require experimental data., s Furthenfiore , even if the rules 'do turn out 
to be compatible with what human subjects are likelyf to know, it is not clear whether, - 
and to what extent, instruction in the higher order Vules will result in improved 
problem solving performance. 

The research reported in this paper deals with these questions in education with 
respect to the geometry construction analyses in Scandura' et al. (1974)'. Specifically, 
the purpose of this research was to determine the extent to which: (1) the basic 
higher order rules identified in the ana'lysts,^ are compatible with the knowledge had by 
a group of average ability teenagers, (2) instruction in the higher order rules 
facilities performance on geometry constriction, problems and (3) instruction in some 
higher of^er Wes influences (i.e., faciUtates or hinders the -learning and/or use 
of) subseq\ie^t ones. 

A total 'of four paths of the two loci, similar figures, and auxiliary figures 
higher order rules were .considered in the study, According to the analysis given in 
Durnin and Scandura (1973) ,"^^the central question in determining l>^haviotal compati- 
bility is whether" the paths of the higher order rules act in (nfear) atomic fashion. 
The major task, here', is to determine whether the ability, or lack thereof, to appro- 
priately combine available lov/er order rules in .one problem' situation is reflected in 
other problem situations of the same type. This ability, can be determined either 
directly in higlier- order task situations ,* where the sjibject is .required to derive 
solution procedures fpr given problems, or indtfectly as -we have done below, by. ask- 
ing the subject to actually solve problems' (i.e., derive solution procedures_ and "b^n 

use them). . , . - ^ c 

In theory, when .paths ofa rule act in atomic fashion with a given populatioDj^ of 
subjects, inadequacies determined through testing Can be overcome through direct" 
ihstruction on the paths involved. If a person can solve problems whose solu.tiqn rules 
require one path of the similar figures higher. order rule, but not problems involving 
the other path, for example,, then instruction presumably would be required only on 

the latter path. . - ^ . ' j 

. Previous research provides more ok less definitive guide lines on how to proceed 
and what to expect with regard to the first 'two questions. Thus,' the research reported 
in Durnin and Scandura (1973) suggests that introspection as"to how one actually 
solves a class of. problems often results in. the identification of procedures which 
appropriately partition the class (into equivalence classes) . Although we know of 
no empirical research in the literature which bears on the second goal, members of the 
-MERQ group have developed m^etetials for diagnostic testing and remediation in the 
arithmetical skills which are based directly on these id'eas (for details, see Scandura, 
1972),. Formal data concerned with instruction have 'not been obtained but informal 
tryouts- attest to the effectiveness of the remedial materials. 

With regard to the third goal, very, little can be said oh the basis of available 
evidence. The fact that various paths' of the higher order rules sFare many stfeps in 
common suggests that there might be positive transfer from one path to another. Thus, 
having learned ^one path, there is apt to be less to learn on subsequent ones so that, 
learning them will require less time. On the other hand, one could argue that 



\ 



alallarltles among the higher order patha could reault in interference. In attempt- ' 
ing to generate solution procedures to given 4>roblema , thfi subjects might use the 
wrong paths. 

The present study was designed both to provide answers to the first two questions 
and to determine transfer and relative learning efficiency, resulting from priot 
training. ^i. , •^ . ° ' 



METHOD 



Tasksand Materials 



Four paths of three higher order rules were considered in the study. Figure 1 
depicts the two loci rule, and Figure 2 depicts- the two paths of the similar figures 
rule in Scandura et al. (1972). -Path 1 (restricted similar figures) involves steps 
J,,K, L» and M and path .2 involves steps A, B, C, D, F, G, H, and I. The fourth 
path Involves the auxiliary ^igu^fes rule (Scandur-a et al. , 1974).' For instructional 
purposes, the decisions and operations of each path were written, respectively, as 
slnple lists of questions and irf{)erative statements. 



FIGURE 1 




Construct representative! <S^ , R^) pair. 
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1. Does there exist a point X In <S^ , Rp and a rule r 
such that (X, E) 6 Dom r^ where E Is a point or distance, 
and Ran r^ c'6, and X satisfies two specifi'c conditions of types: 
X is a given distance from a given point or line, and/or 
X is equidistant from a given pair of points ^or lines? 



no 





• i 


r yes 




2. Construct: 


r 













1 



3. Is there a rule such that a pair consisting of given 
points,' lines, or distances in is in Dom r^, irfA is there a 
, locus L ^ch that X g L € Ran r, ? Also for r, ,? * 



♦ yes 



4.. Construct solution rule R^: 



L' ' 



C 



STOP 

Solution Rule 'Is R. 



0 
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J The experimental tasks were 13 geometry construction problems (see Tatle 1) taken 
< fVom Scandura et al. (1974) • These probleffl^,may be categorized according, to which of 
the four paths of the higher order rules may be used to generate an appropriate solu- 
tion rule. The two loci higher order. rule constituted one path; the similar figures 
ruJLe yielded two paUis (restricted similar figures and similar figures); the auxiliary 
figures rule yielded\>ne. 

^ ' TABLE 1 . . 



Test , 



ProbiVm 
.Number 




eometry** Construction Tasks ^' 



Solution 
Type ) 



Problem Statement 



Pretest I 



"Pretest I 



^ Given a line jEUid a point not ton the line, and a radius ^ 
Two loci ' R, find a circle having the given radius R, which is 

tangent to the line, and passes through the given point . 



Path One 
s^ilar 
figures 



Given angles B and C and the altitude H , construct 
the triangle. * 



Pretest I 



Two loci 



Given side a, and the median M , 

a 

^construct the triangle. 



and the height H , 

a 



Pretest I 



Path one 

similar 

figures 



Given' angles B and C and the angle bisector D , 
construct the triangle. , . * 



Post test I 



Two loci 



Given sides a and b and the median M , construct 
'^the triangle, \ 



Posttest I 



Path one 

simil'atr 

figures 



Given angles B and C and side b opposite angle B, 
construct the triangle. 



Posttest II 7 



TWO* loci 



Given two intersecting lines and a radius R, construct 
a circle with radius R tangent to the two given lines / 



Posttest II 8 



Path one 
similar 
figures 



Given angles B and C and the median M , construct 
* the triangle. ^ 



Choice Test 9 



TweWloci 

and 
Path one 
similar 
figures 



Given right triangle ABC. with right angle at B, inscribe 
a square in it- such that two sides of the square lie 
on the legs (AB and BC) of the ^riangle and the fourth 
vertex o% the square (the intersection of the other 
two sides) is on AC. \ 



Pretest II 10 



Path two 

similar 

figures 



Given two intersecting lines m and n and a point A 
not on either line, construct a circle tangent to 



Pretest 11 


c;- 

11 


Path two 
similar ' 
figures 


Given two intersecting lines a ^n^d n and a point P on 
line m, construct a circle whose center is on line a|t 
. which passes through point P and is tangent to line n. 


Posttest III 


12 


Path tw0 
• similar 
figures 


Given line m and points A and -B on the same side of 
line m» construct a circle tangent to line m which 
passes through points A and B^ 


Posttest III 
J 


13 


Auxiliary 
figures 


Given sides a and c and the tltltude H^, construct • 
th* triangle. - . ' 
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, ^ The lower order rules needed (in addition to the higher order rules) for solving 
•the experimental problems are shown in Table 2. For purposes of instruction, these 
tules/were ^tefined to the level of actual compass settings and placements. Each con- 
sislted of a sequei\ce of operations to be performed. Accompanying sketchea illustrated 
the\result of each operation. • 



1. Circle rule 



8. 




Median locus 



circle tule 



3. Point-line 



rcle rule 



Parallel line 



ru] 



Anale bisector 



rul ^ 



TriWle rule 



Perpendicular 
bisector rule 

Similar 
triangle rule 

Goal triangle 
rul^ - 

Point of 

similarity 

rule 



Sipiilar 
square rule 

Goal square 
rule 



Similar 
circle rule 



TABLE '2 

* Lower Order Rules 

Construct the locus of points at a given distance from a given 
point. ^ ' ^ . 

Construct- the locus of points at a given ^distance -from the 
midpoint of a given segment. 

Determine the distance between a given point and a given line and 
then construct the locus of points at the obtained distance from, 
the given point. 

a given distance from a given 



Construct the locus of points a 
line. 



Construct the locus of points equidistant from two given inter- 
secting lines. 

From a point not on a given line segment, draw segments to the 
endpoints of the given segment (i.e., construct a triangle given 
a side and an opposite vertex). 

Construct the locus of points- equidistant from two given points. 

Construct an ^arbitrary -triangle from a pair of given angles, and 
construct on it parts cotrespo'nding to other given segipents. 

Construct a triangle having some part a given length similar to 
a given triangle with a corresponding part. ^ 

Select a point of intersection of t&o lines through corresponding 
points of goal and similar figures as the point of similarity, 
then construct a line through the point of ^similarity and a point 
on the similar figure, to intersect the goal figure at a corres- 
ponding point, from which the goal figui^e may be constructed." 

Construct an arbitrary square in a right triangle with two of its 
sides contained in the legs of the triangle. 

Given a right triangle and a point on 'its hypotenuse, construct a ' 
Square with that point as one vertex, such that its two opposite ^ 
sides are contained in the legs of the triangle. 

Construct an arbitrary circle, with its center on one line and 
tangent to another line. ^ 



The fact that. there were 13 tasks and 13 lower ord%^r rulea is strictly happenstance. 
The only connection is that. the senior author was ^married on August 13 and is, in the 
13th year of marriage. * * 
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Descriptions of all 'problems , and rules were reproduced on 21.59 cm. x 27.94 cm. 
(8 1/2" X 11") paper. Each problem appeared on "a separate page so that constructions 
could be done on that page^ The 13 problems were arranged into six separate tests as 
shown in Table 1, 

The instructional materials were arranged into seven training booklets. Booklet 1 
contained lower order rules 1-10 an<f a sample task for each. Booklet 2 contained K 
review tasks for the rqle3 of Booklet 1. Booklet 3 contained path 1 of the two l«lci 
higher order ruj.e, with the twq Pretest I, two loci problems, as practice. In parallel jf 
fashion, Booklet A contained path 1 of the similar figures higher order rule witiri the 
two Pretest I, similar figures problems as practice. Booklet 5 ^cQntained lowew order 
rules 11 and 12 of Table 2 with corresponding practice tasks and Booklet 6 contained 
Rule 13 from Table 2 with a practice ta^l(. ^^ooklef 7 contained the second pa^h of the 
similar figures higher order rule alcMg witn)the two problems from Pretest If as 
practice, ' i 

Pencils, compasses, .and straightedges were available where subjec.ts did \fOt provide 
their own. 

Subjects, Design, and Procedure 

^ the subjects were 30 Trenton State College students enrolled in an undergraduate 
college geometry class. 

A repeated measures design was used. The first phase involved lower order rule 
training (Booklets 1 and 2) and Pretest I. I^s main purpose was to obtain information 
regarding the adequacy of the two loci higher order rule and path one of the similar 
figures rule as a baais for assessing the (higher or^er) behavior potential of sub- 
jects. A secondary purpose was to obtain success or failure profiles, so that the 
subjects could be stratified >before assignment to experimental groups. 

The first meeting with trie subjects occurred during a regularly scheduled 75- 
minute class period. One instructor and two ^expetlmental assistants were available to 
help the subjects and to evaluaVe their work. They were given Booklet 1 and instruc- 
tion- on lower order rules 1-10 contained in it. The steps of each rule were read aloud 
and the corresponding constructions were performed on the blackboard. Each subject 
then completed the corresponding pVactice- problem. ^ % 

During a second regular class meeting, the subjects were given the practice prob- 
lems in Booklet 2 and were iTequired to perform. at- least one correct construction for 
each of rules 1-ip^ .c^hievement of this criterion level was verified by one of the 
experimenters. A^sc^n as they reacKe^Jt criterion, individual subjects were given Pre- 
test I. AlK subjg^s iwere instructed to attempt all problems in Pretest I before the 
period ended; no lubjett "ran out of time," Pretest problems were, scored "passed" if 
a correct solution^ figure was constructed. Minor deviations ("compass errors") were 
allowed.- Each pfretfest was scored individually by three experimenters; .there was no 
disagreement, ^he pretest results were used to stratify the subjects as shown in 
Table 3. 

V " f / • ' It&lX. 3 

Pretest Results ' 
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similar 
/Figures 
Problems 


' Passed BiVth 


wo' Loci Proble 

/ ■ ■ . 

passed One 


OS 

Passed None 


£ 


Passed Both 
PassG4 One 
Passed None ; 


6 

• 2 • 
2 


/ 1 
1 
6 


0 
2 
10 


7 
5 
18 




' -10 / 

/ 


, . 8 , 


12 

J 


30 



j 
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On the basis of the pretest results, the subjects wete Randomly divided into two 
groups of 15 each, the twH-loci-then-similar-f igures (TSO group and the similar-f igures- 
then-two-loci (ST) group, with thfe constraint that eadtt of the cells in Table 3 was 
split evenly. (The two "singleton" subjectiwere plated in different groups.) Indi- 
vidual or small group sessions were arrangeS^ith each subject for all subsequent 
training and testing. Throughout the experiment, each subject retained all instruc- 
tional materials, but not completed tests. 

During the remainder of the study, instruction was provided on three of the four 
higher order paths and performance was measured on both within and extrascope problems. 
At the third meeting, the TS subjects were given Booklet 3, path Qhe of the two loci 
higher order ruleyand instruction in how to apply the ri^le. Specifically, they were 
shown how to dete^tmine whether particular lower order rules from Booklet 1 (which was 
available) were relevant to solution, and if they were, how to combine them so as tb 
generate solution rules for the Pretest I, two loci problems (1 and 3). No actual 
constructions were performed. XOne TS subject failed to attend this or any otfter 
Instructional session and was dropped from the study.) The subjects in group ST, 
received Booklet 4, path one of the similar figures higher order rule, and instruction 
on the application of that rule using problems 2 and 4 from Pretest I. After tliree 
subjects had been trained, the instruction .was modified slightly so that additional 
,jt^iQphasis was -given to the stopping decisions (i.e., to conditions where the rule did 
not apply) . 

Immediately following instruction each subject was given Posttest I. The sub- 
jects in both treatment groups received exactly the same problems. .Booklet I contain- 
ing statements of rules 1-10 was available throughout. Also Booklets 3 and 4 contain- 
ing the higher ordeu* rules were available to the subjects in groups TS and ST, 
respectively. Following Posttest I, one subject in the .ST group became ill (no caudal 
relationsliip implied) and had to be dropped fror|rthe experiment • (The two subjects , 
dropped from the study had both failed all prete3t problems, and had been* assigned to 
different training groups.) v • ^ ' 

At , the fourth meeting, those subjects who had received the two loci training * 
received path on^, similar £l;gures training and vice versa. Instruction was given 
exactly as before. Posttest JI patalleled Posttest I and followed immediately after 
training. Booklets 1, 3 and 4 were available to the subjects throughout the testing. 

Attach subject *s fi^th meeting, he.^was giv^en Booklet 5 containing two new lower 
Order rules (11 and 12), and training proceeded a^ yith Booklet 1. With all previous 
training booklets available, the subject? thejn tooK the Choice <test problem. (This 
problem could be-^'solved by either of the two higher order rules on which "the subjects 
had been trained. ) ' ' . 

Next, it the sixth meeting, subjects were trained'^on the lower order rule (13) in 
^ Booklet 6. With thi^ rule and all previously learned rules also avaij^able, the sub- 
jects then took Pretest II. Thg purposes of Pretest II were similar to those of the 
first Protest, but deadt with the second path of the similar figures IjjLgher order 
rule. (Ac^t his point, two additional subjects who were failing the course, dropped 
out of the study. Thes remaining 26 subjects completed Xhe experiments, 13 in each 
.group. ) , ^ ^ ^ 

^ Filially, at the seventh ''meeting, eafti subject wflfs trained as before^ oq Booklet 7, 
^ the second path o£*the similar figures higher orderj/rule, using the 'problems in Pre- 
test ji. • Aftet training, the subjects were given Posttest III.; phe problem of Post- 
, test III was within the scc^pe of the second similar figures path; the other was an 
auxiliary figures problem not solvable by uding any of the three higher order paths on 
which Instruction was provided. ^ ^ v 

Approximate timep required by each subject Were recorded for each session of the 
experiment. ^ . * - 
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RESULTS And discussion • ^ 

AasesameUt Results , " '• , 

Pretests I and II contained a totai of six problems grouped on an a priori basis 
according to their solvability via the three higher order paths on which training was 
provided. To test the behavioral atomicity of the identified higher order rules, 
contingencies among within-class (path) problems were Acamined. Table 4 presents the 
Pretest I and II results on the three classes of problem's. On Pretest I the sub-- 
jects* performance on the first two loci problem (problem 1 from Table 1) was signifi- 
cantly correlated with performance on the second two loci problem (problem 3)' ' 
(Fisher's exact probability » .00485; one tailed), and similarly for the path 1 
similar figures problems (2 and 4) (exact probability = .00165; one tailed) and' on 
Pretest II, for the pat\^ 2 proi>lems (10 knd 11) (exact prob\ibility - .00794; one 

TABLE 4 

\ Results of Pretests I and if 



tailed) 



V 



\ 

\ Pretest I 



Pretest II 





V N 

Two loci 


Path 1 of ^ 
similar figures 


Path 2 ^f 
similar figures 




Problem 2 


Problem, 2 


Problem 2 


' Problem 1 


Pass Fail 


Pass Fail 


Pass Fail 


Pass 


10 1 


7 3' 


2 1' 


'Fail 


7 ' 12 


2 18 


0 25 











These results sfcrongly suggest that the identified paths, both collectively and- 
individually, acted in ato(ni^c>fashion for the experimental subjects. Some of the • 
deviant cases, f urthermore.'^ arf* due to two particular subjects who initially werje 
obviously uncooperative but later applied themselves. Nonetlieless , the 'relatively 
large number (5) of remaining "fail-pass" cases on the two-loci problems requires some 
discussion. In particular,' this resultv suggests the possible desirabil^.ty of further 
refinement of the two-loci higher order rule into a larger number of distinct paths. 
This would- require ,pnalysis of the atomic op^eratlbrs and paths in terms of sub-opera- 
tors and sub-decisions and, thereby, substitution of a number of paths with more 
limited domains for the original path. Because the various decisions .of this rule'"- - ' 
involve disjunctions of properties, a basis for such refinement "follows directly. ' 
second decision .making capability of the two loci higher order rule, for example, 
refers to a disjunction (A or B or C) of properties, any one of which,, if satisfied, 
IS sufficient to direct a computation to a particular sub-Operator.' With some subjects, 
at least, it is certainly possible that the ability to decide, say, on whether /there 
is a rule containing a point W a line in its domain is independent o^ the. abilftyVto ' 
decide on whether a domain contains segments or angle measures. In this case,Aihe 
ability to solve the problem involving property A would s^y nothing as regardsf the 
ability to solve a problem involving property B, as was the..c?kae with problem^ 1 &nd 3. 
In effect, such refinemimt would ntft only be consistent with tpui^ results bu^ould 
follow directly from our analysis. ' \. 
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InsTructional Effectiveness 
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4r Over the entire experiment ther§^ were 51], cases where subj^ts failed all pretest 
problems from a given cla^e prior to training on ^the path corresponding to that class. 
On posttests immediately following such training, new problems from the same classes 
were solved in 45 (88,2%X c^f the 51 cases. (The 95% confidence- interval for this per- 
centage is 79. 3Z to 97.1%.): In addition, there were 14 cases where subjects ^ad solved 
only one pretest problem in a given class. The (new) posttest problems were solved in 
13 of those cases. ; * ^ ^ 

Table 5 sumraarizes/the results from Posttests I, II, and III on problems fopT which 
training immediately preceeded testitig, arranged according to the number of pretest 

problems passed. . ' ' ; 

^ - 



TABLEj 5 ^ 

Results on Posttest Problems^ithin Scope of 
Inimediately^-Preceiding Training 



Number of pretest 
problems within ^cope 
of traiiting passed 
pi;ior to training 


N 


"'1 

Nugjb^r of Ss passing 
within scope problem 
after training 


Posteest I 


0 


., lA 


XI 




^ . 6 


.6 


2f . 


9 


9 




Posttest II 




•/ 0 ' • 

-1 


13 
.7 


12 


2 


8 ' 


8 



Posttest III 




Total Cases 





0 


^1 1 . 


51 


45 






^1- 




14 ^ 


13 






2 






18 


v. 



After training on either the two loci higher order rule or path one of the similar 
figures rule, XI of the >4 subjects who failed bbth .Pretest I problems in a given class 
succeeded on the corresponding^osttest I problem (binomial,- p < .05). Not surprisingly, 
all <ix subjects who solved one Pretest 1 pj:oblem and all ni^e subjects who had solved 
both Pretest I problems also splved the Posttest i prpblem. 
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0^ Posttest II, 12 of 13 subjects who failed both pretest problems in a given 
class Succeeded after training on the higher order tule for that class.* Of deven sub- 
jects who solved one pretest problem, six solved the corresponding Posttestll problem 
after training. All eight subjects who solved both pret^est problems flyaccee^l^d follow^ 
ing training. <fe Posttest III, 22 of 24 subjects who failed both Pretest H-problems 
succeeded followyng training. Two other subjects, who had solved one or bc^h pretestf^ 
problems, also, succeeded on the posttest problem. y 

Ove^ai, there' were seven cases of posttest failure out of 83 cases where success 
was expected. Five of the seven discrepancies occurred on Posttests I and, II. After * 
failure, these five subjects were retrained on the respective higher order paths, and 
retest6d. All five succeeded on the ^cond trial. • • i ■ 

^ Inspection of the seven individual problem attempts which resulted in. f aij.ure 
showed that,, in six of those cases, mistakes occurred at points corresponding to dis- ^ 
junctive decision points in the two loci rule or in path 2 of the similar^f igures rule. 
As noted earlier,* disjunctive decisions may be broken up (refined) to fq'nri' separate 
paths. This suggests that more explicit attention to the molar nature 6t such (dis- 
junctive) decisions might possibly have reduced «ven the small number of inconsistencies. 

noted. # > * - ' . 

Instruction in the higher order rules was not only effective but also was rel^ ft ^ 
tively efficient, 'subjects were able to solv^ relatively complex construction proWems, ' 
once they knew the component rules involved, after only about 75 mitiutes of higher \Ofder 
rule training. Instructioji on the Ibwer order rufes took an^ average of about 100 min- 
utes. In all, less than three hours of actual instruction was required. { • 

SequencJ Effects ^ ' . li ^ ' • * \ 

In addition to the positive assessment and instruction results, a ntusjber of^ ' ^ 
interesting sequence effects were found. j On Posttest I, positive transfer ^to problems, 
for which training had not been provided, occurred in approximately 40 per cent of the 
' cases. Of 13 subjects who ha^ failed both Pretest I problems in the class for which ^ 
no training was given,* five solved the corresponding P<5sttest I- problem. (Two s'^jects ^ 
solved the two loci problem; ^hree solved the path^'ene, similar figures* problemi ) 
Three of sevten subjects who had solved one of the unttained problems on Pretest I - ^ 
( '^^Ived the Posttest I problem. (All three solved the two loci problem, after patli one, 
V^jj^mil^r figures training.) On the othO'r hand, one^ji^bject who had previously solved 
both Pretest I two loci problems failed the Posttest I two loci problem after being^. 
trained on the path one, similar 'figures rule. "Apparently, this was due ta hid aiW 
understanding of the posttest instructions; the subject thought He was requirerf^'B^ 
the trained higher order rule (which was inadequate). After this misapprehension w^*^^" 
correctfrij* the subject was retested and passed the prol>lem. (It was at this^ point tha^j^ ^ 
more^^stress in the instruction was placed on when a higher order rule would hot work 
i./. , when to stop.). . , ^ ' ^ ' . 

The results on Posttest II, restricted to ; the problem for which training had bedp 
given prior to Posttest I, suggests, that training on the second b>lgher order' rule did 
nbt interfere with earlier training. Twenty-seven of the 28 subjects who (fbmpleted 
Posttest II solved the prpblem corresponding to the .iirst-trained rule, after- second 
-training. The remaining subject passed the problert on ^ second trial. 

This lack of interference was'also reflected in performance on the. Choice problem^ ^ 
which could be solved using either the two'^^loci or path one similar figures ruj^es. 
Ail 28 subjects solved the problem. 'Th4re were*l7 two lot! solutions and 11 path one 
sii^ilar figures solutions; this difference was not significant. Furthermore, thjfre, 
f^Tevi& significant differences as to solution preference due to order of training. 
Group ST had eight and six, respectively. This suggests that when two (or more) rules^ 
are available at the time of problem solving (as they were), 8electibn8.jdp^iot--depend 
on When) the rules were originally learned. • * ; 
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related to subiprf i-fir«i-fK««j I? u ^ , j'='-i.-H'-«ierence arcer. learning is somehow . 
• to trainiL Our H^i^ ? / ^''■"^ ^"""^"^ loci-Xike higher order rules prior ' 

When the training came second, the- corresponding times, were 21 'minutes (15-45 min 

range) and 28 minutes (18-60 min. range) The third ^r=,^n^n^ = r i 

Q^m^io, f4,. t. rdiige;. i.ne tnira training session on path two of "* 

^i^i ^hn^a^ 'K' '""^^ reauired only about 18 minutes (10-30 mL. ranL) 

even though the relatively large number of failures (A the corresponding Pr;test ! * 
problem suggests that this path was more difficult than t^e others. Overall t^e^ 
ignoring the particular training involved, first training ^5ok an averLe of 3' minutes- 
second training 25 minutes; and third 'training ,"18 minuses. Diff^^en^S Ing u ese ' 
means were hxghly reliable (F - 34.70, p < .005). Individual compari^ns of first 

T^/TX r<"Sj;! r:fp::t"vtyf -^^^^^^ ^^25- ^-^3! P<.00i°an^"^ 



hp surprisingly, performance on the auxiliary figures problem, which /uld rot 

in which tSe M h"' °^h''' 'f ^' higher order ruie%, defended on the' sSuenc;" 

^he ?3 Is s4l'?r °. ; rules were- learned (^2 - 7.58, df =.1. p < .01). Eleven of 
TtLr ? ^^''^"^^ it while only three of the 13 ST subjects succeeded. No ^ 

prevLi^ o^is ''^t"^^" '^he results on thi^ problem- and on any of the 

It is impossibl-e to say^with any certainty the source of this rather strik'ne ' 
TZITI '"r'- °"%P-«ibili'y i« that. i« attacking the problem subjec s mly 'have 
he TS subi^ctf I t"' -le on which they were trained.' In this cale. 

the TS subjects could have had advantage because the auxiliary figurj^ problem mav 

rules ?see%J J? ""^'"^^ '""^ ^^'^^ '^^^^ more encompassing - 

w~erriearLf 1^^^^ loci-.imilar figures rule in Scandura .et al. , 197?)- as th.v 

were learned. If so tfiose subjects who trier the two loci path of the combined rule ' 
ifflrr "'"f.Ji^^ly '^he TS subjects, would again have an ad;.antage, especially f tie 
effects of limited memory are taken into account (cf. Vobrhies." ScanSura. 1973). 

Both of these explanations, unfortunately, "imply differential solution type " 
preferences on the .choice test problem. Since no such ef fefct occurred, some llterna- 
Jhr«r?r"'i?^ ^^^"^ necessary. One plausible explanation stems from the fact that 
the similar figures and auxiliary figures h'igl^r order rules may be regarded as pro- 
gressive generalizations of the two loci rule. That is,' all of the highet order rules 

'' ^f \ ,con8tructable elementary figures upon which further operations may- 

act to generate a goal figure, m the two loci rule, tha- elementary figure is "the " 
?t nn'?inL^ ..J" ^^"^^^ "g"'^^^ the elementary figure is more general; 

it is no longer a degenerate", point, but is still constrained by similarity. Finall^, 
Scaidurfel at:T 19740' ^l-enta^ figure is arbitrary. (For details, see'' 

^ec^use the TS subjects Wre taught the procedures iij a "natural" order- of gen- 
eralization, while the ST subjects w^^re not. the former may have been more likely to 
have induced a generalization procedure. More specifically, the TS subjects may have 
learned a higher, higher order-rule" for making generalizations. Such -i rule could 
have been used to derive some form of auxiliary figures higher order rule.- which in 
turn v/ould,have allowed derivation of an adequate solution rule.- 



^ CONCLUSIONS AND IMPLICATIONS FOR MATHEMATICS EDUCATION 

, la view of the clarity of' these results, it would appear that the identified 
higher order rules can be used effectively and efficiently both to diagnose difficulties 
subjects are having with geometry construction problems and to provide Instruction in 
how to solve such problems. Furthermore, training on pri9r higher order rules seemed 
to facilitate the learning of lat^r ones. 

< ' • jHls is not the first time that beneficial effects have been found for instruction 
in heuristics. Ennis et al (1969), for example, found that training subjects iji 
general heuristics such as means-ei\ds* analysis and planning, improved mathematical 

•problem solving. At the^ present gitae^" Hatfield* also has a study. under way in which 
liffHs trying to facilitate pferfoifl^nce in mathematical problem . solving by the informal 
(clinical) introduction of heuristics. 

Although the'present study is based on more rigorous and exabting analyses of 
heuristics iii- terms of higher order rules (as well as lower order ones), it must not * 
be thopght that these varying i^inds of studies are incompatible. The present research 
is completely neutral as regains how information is to be imparted. Motivating the 
clidld to learn and the actual mode of presentation in the classroom is up to the teacher' 
judgement. However, because our higher order rules have been so explicitly characterized 
instruction in whatever form (Including diagnosis of individual sources of difficulty) 
is potentially more efficient and feasible £han with loosely fjdraulated heuristics. 

Although a considerable degree of transfer was evident from training on one higher 
order rule to another, it is still an open question as to whether explicit instruction 
in higher order rules (by whatever means) also helps the learner develop new "heuristics" 
on his own. , Earlier, of course, Roughead and Scandura (1968) found that "what is 
learned" in making simple" discoveries can be presented in expository form with equivalent 
results. In the present case, however, the task of identifying "what is (to be) learned" 
is far from trivial and, initially, may require more informal, inductive methods * 
(cf. Lowerre and Scandura, 1974). Whatever the answer, there is certainly no reason 
why the teacher might not encourage discovery (of higher order rules) in addition to 
whatever explicit training Is provided. Indeed, one good teaching strategy would appear 
to be to* present a variety of situations where learners are required to discover higher 
order orules. Even in the present study, the higher order rules were not taught 
explicitly as formal (some would say "rote") procedures. Representation of the rules 
as flow diagrams simply made the experimenters more aware of exactly what it was that 
wa^ to be taught. 

In Spite of the positive nature of these results, it should not be forgotten that 
they deal primarily with the question. of how subjects perform in particular problem 
solving situations given what (rules) they know on entering into the situation. Any 
complete presct^^Hon for problem solving instruction must deal in\ detail with the . 
course of solving whol6 classes of problems* Ohr findings concerning the sequential / 
effects of instriiction on higher order rules ha| demonstrated the importance of such 
study, and is' one step in this direction, but it is a small oh6 indeed. Consider the 
complications introduced in considering a continually changing set of lower order 
rules (as learning progresses), not to mention the difficulties in attempting to 
explicate precisely the source of the sequential effects we observed^with the higher 
order rules. Nonetheless, we are optimistic concerning progress that might be 
made in this direction, and considering the obvious implications for mathematics educa- 
tion, to use a time-worn, phrase, "we had better begin^" , 
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